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Abstract. We discuss the robustness of Majorana edge modes in a finite quantum nanowire of cylindri-
cal shape. The nanowire is modeled as a bidimensional cylindrical shell of semiconductor material with
proximity-induced superconductivity and an intrinsic Rashba spin-orbit interaction. The latter is charac-
terized by effective electric and magnetic fields in transverse direction of the nanowire. An applied external
magnetic field pointing in an arbitrary orientation is also assumed. The numerical diagonalization of the
Hamiltonian allows us to study the spectrum of the nanowire for different experimental configurations.
The Majorana modes prove robust against tilting of the magnetic field away from the cylinder longitudinal
axis, if the tilt direction is perpendicular to the effective spin-orbit magnetic field, but fragile otherwise.
On the other hand, we find an increasing number of Majorana modes in the same cylinder edge for in-
creasing values of the nanowire radius. We refer to this phenomenon as “stacking effect” and it occurs due
to the orthogonality between Majorana mode wave functions. In this manner, different Majoranas take
complementary positions on the nanowire surface.
PACS. 73.63.Nm Condensed Matter: Electronic Structure, Electrical, Magnetic – 73.50.Fq High-field and
nonlinear effects
1 Introduction
The discovery of topological states of matter was a ma-
jor milestone in the condensed matter field [1,2,3]. These
states behave as localized non abelian anyons, meaning
that a nontrivial phase modification is obtained after the
interchange of a pair of them [4]. It has been argued that
in addition to new yet to discover physics, their peculiar
statistics has the potential of making these states the basic
units for quantum processing and opens the possibility of
achieving topological quantum computation [5]. The non-
local properties of these topological quasiparticles gives
them a certain degree of immunity against local sources
of noise. A particular set of these kind of excitations are
the nowadays called Majorana modes. These quasiparticle
excitations are identical to their own antiparticles. They
inherit their name from the famous physicist Ettore Ma-
jorana who proposed a modification of the Dirac equation
in order to describe fermionic particles that are their own
antiparticles [6].
It has been theorized that Majorana states are formed
at the ends of superconductor wires as a consequence of
the combined action of superconductivity, Rashba spin-
orbit coupling and Zeeman magnetic effect [7,8,9,10,11,
12,13,14,15,16,17,18,19,20,21]. In a superconductor nanowire
electrons play the role of particles while holes of opposite
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charge and spin perform the role of antiparticles. These
kind of systems are modeled as quantum gases with the
mentioned interactions and their Majorana modes can
only exist at zero energy because antiparticle states have
an opposite energy that their particle counterparts. Su-
perconductivity leads to a charge symmetry breaking and
allows quasiparticles without a good isospin number to ex-
ist. On the other hand, the Rashba effect is a direct result
of an inversion asymmetry caused by an electric field in a
direction perpendicular to the electron motion while the
Zeeman magnetic field breaks the spin rotation symmetry
of the system. The combined action of the Rashba and
Zeeman effects are needed to create states with a space
precessing spin necessary to obtain effective spin less Ma-
jorana states at zero energy.
In a finite nanowire Majorana physics necessarily man-
ifests in an approximate way. This is because of the un-
avoidable interference between the states on the two oppo-
site ends of the finite nanowire. These states never lie ex-
actly at zero energy and their wave functions always over-
lap to some degree. In long enough nanowires, however,
Majorana behavior is seen as energy eigenvalues very close
to zero, protected by a sizable energy gap from the rest of
eigenvalues and with exponentially small overlap of their
wave functions. We can, of course, interpret those near-
zero-energy states as the finite-system Majoranas and con-
sider how their Majorana character is increased or de-
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creased when some system parameters are varied. That
is, we can investigate whether the scenario of protected
near-zero-energy states is better achieved or not after a
particular variation. This approach to Majorana physics
is realistic since the experiments are always done with fi-
nite systems.
Very recently, Mourik and coworkers have reported
the detection of such Majoranas in long InSb nanowires
(L = 2µm) [22]. Superconductivity is induced by contact
with an NbTiN metallic superconductor caused by the
leakage of Cooper pairs into the semiconductor. Supercon-
ductivity is maintained all along the few nanometer width
of the nanowire, shorter than the coherence distance of the
Cooper pairs. The large g factor of the InSb semiconduc-
tor allows the existence of a noticeable Zeeman effect in
presence of a moderate magnetic field while at the same
time it maintains a strong enough spin-orbit interaction.
Finally the nanowire is connected to two electrodes, one
in each end, and the current is measured. The Majorana
mode evidence is a peak at zero voltage in the tunneling
differential conductance called zero bias anomaly (ZBA).
Similar experiments based on the detection of the zero
voltage peak have been carried out by different research
groups [23,24,25,26].
The ZBA only appears in presence of the three re-
quired ingredients (superconductivity, Rashba and Zee-
man effects) when the system is driven into the topolog-
ical phase. From the theoretical point of view several au-
thors dealt with one dimensional or two dimensional pla-
nar models [18,27,28]. However, the cylindrical geometry
of the nanowire motivated the study made by Lim et al. in
Ref. [20]. In the proposed configuration the spin-orbit elec-
tric field Eso points perpendicularly to the nanowire (see
Fig. 1) while the possibility of Majoranas with a radial
electric field was discarded in that work for any config-
uration of the remaining parameters. It is reasonable to
expect a weaker total spin-orbit effect if the field is radial
simply because of the compensation for opposite angles.
On the other hand, a fixed direction Eso can originate in
the asymmetry induced by the superconductor substrate
on which the nanowire is deposited.
In Ref. [20] the effects of magnetic fields pointing into
the three Cartesian directions were considered, for differ-
ent values of its magnitude. It was concluded that only
a magnetic field pointing along the nanowire axis (z) is
suited to the creation of the Majoranas, but no discussion
about the robustness of this particular configuration was
made. The present work addresses this issue, studying the
robustness of the Majorana modes to different tiltings of
the magnetic field and it also investigates the dependence
of the nanowire eigenstates with other parameters, such
as the cylinder radius and the spin-orbit strength.
We show that Majorana modes are robust to the tilting
of the magnetic field only in a particular direction, while
these modes are easily destroyed for tiltings in any other
directions. This is relevant to avoid possible non Majo-
rana experimental set-ups, but also as possible procedures
to verify the Majorana origin of the ZBA checking its ro-
bustness against the theoretical predictions. Remarkably,
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Fig. 1. Hollow semiconductor nanowire of length L with cylin-
drical geometry. Cylindrical coordinates and unit vectors are
indicated. A magnetic field B is applied in an arbitrary di-
rection. The orientation of the Rashba electric and magnetic
fields, Eso and Bso, are also indicated. The three field tiltings
discussed in Sec. 3 are indicated in (a-c).
when increasing the nanowire radius and/or the spin-orbit
strength we find that more and more Majoranas coexist
on the same end, a phenomenon we name ’stacking’ of
Majoranas. These coexisting Majoranas tend to occupy
complementary spatial positions on the cylinder edge.
In Sec. 2 the physical system is introduced while Sec.
3 studies the nanowire spectrum for different tilting direc-
tions of the magnetic field. Section 4 is devoted to study
the spectrum changes when varying the cylinder radius
and the spin-orbit strength. Finally, the conclusions can
be found in Sec. 5.
2 Physical model
The nanowire is modeled as a finite two dimensional semi-
conductor cylindrical shell with spin-orbit interaction and
induced superconductivity, inside an homogeneous Zee-
man magnetic field, as shown in Fig. 1. We assume that
due to the superconductive character of the nanowire the
quasiparticles move only on the cylinder surface. Experi-
mentally, this type of tubular systems have been produced
either as rolled-up quantum wells (e.g. in Ref. [29]) or by
epitaxial growth of core/shell nanowires (e.g. in Ref. [30]).
The system is described by a Hamiltonian of Bogoliubov-
deGennes kind [20],
H = Hkin +HR +HZ +HS , (1)
where the successive contributions are kinetic, Rashba spin-
orbit, Zeeman and superconductivity term. In this man-
ner, the three ingredients needed to obtain Majoranamodes
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are present in the model: superconductivity, spin-orbit in-
teraction and a Zeeman magnetic field. The kinetic term
depends on the canonical momentum Π = p+ e
c
A where
p is the usual momentum operator in three dimensions
and A is the vector potential. The vector potential mod-
els the orbital effects of the magnetic field on the electron
trajectories. Therefore, the kinetic term for electrons is
Π2/2m∗−µ, where µ is the chemical potential. Since the
system has cylindrical symmetry it is convenient to write
the Hamiltonian in the cylindrical coordinate system in-
dicated in Fig. 1. Being a two dimensional problem the
cylindrical coordinates will allow us to express the Hamil-
tonian as function of two coordinates (z and φ, note that
the radius ρ is fixed). Furthermore, the kinetic term can
be split into a non-magnetic
H
(0)
kin =
[
p2φ + p
2
z
2m∗
− µ
]
τz , (2)
and a magnetic term
H
(1)
kin =
h¯2
2m∗
[
ρ
l2z
pφ
h¯
τz +
ρ2
4l2z
τz + 2
ρ
l2x
sinφ
pz
h¯
τz
−2
ρ
l2y
cosφ
pz
h¯
+
ρ2
l4x
sin2 φ τz +
ρ2
l4y
cos2 φ τz
−2
ρ2
l2xl
2
y
sinφ cosφ
]
, (3)
where the electron and holes degrees of freedom are repre-
sented with the Pauli matrices τx,y,z acting on the isospin
space and the magnetic lengths along direction i ≡ x, y, x
are li =
√
h¯c/eBi. Trivially, when a certain magnetic field
component vanishes the corresponding magnetic length di-
verges, giving a vanishing contribution to Hkin.
The Rashba term is obtained assuming the existence
of an external electric field Eso, in direction of the unitary
vector uE . It is proportional to the double product of vec-
tors σ · (Π × uE), where σ represents the vector of Pauli
matrices for spin. If we assume an homogeneous electric
field pointing in x direction the corresponding Hamilto-
nian contribution can be split, by analogy to the kinetic
term, into non magnetic H
(0)
R and magnetic H
(1)
R terms as
H
(0)
R =
α
h¯
(
pz σyτz − cosφpφ σz −
ih¯
2ρ
sinφσz
)
, (4)
H
(1)
R = αρ
(
sinφ
l2x
σyτz −
cosφ
l2y
σy −
cosφ
2l2z
σz
)
. (5)
As mentioned in Sec. 1 another natural choice for the
Rashba term could be a radial field (uE = uρ) but, in
agreement with Ref. [20], we have checked that this does
not lead to the formation of any Majorana-like states. For
a long-enough cylinder in absence of magnetic field one ex-
pects the first contribution to Eq. (4) dominate the others
for large values of pz, thus leading to the usual interpre-
tation of the Rashba term as an effective magnetic field
Bso ∝ αpzy, in y direction and thus coupling with σy.
The Zeeman term for an external magnetic field along
n reads
HZ = ∆B σ · n . (6)
Finally, the superconductor contribution HS is
HS = ∆0τx , (7)
where ∆0 is the Cooper-pair breaking energy. The super-
conduction pairing term couples opposite isospin states
and arises from a mean field approximation over electron
interactions shielded by the atomic network.
Notice that the Zeeman effect allows the closing of
the superconductor energy gap, shifting some quasipar-
ticle states to zero energy while the Rashba spin-orbit
term interaction introduces anti crossings in the system
spectrum that separate the Majorana zero energy states
from the others. The Rashba term arises from the self in-
teraction between an electron (or hole) spin with its own
motion due to the presence of a transverse electric field
Eso, perceived as an effective magnetic field in the rest
frame of the quasiparticle. Spin-orbit effects in cylindri-
cal shells similar to the ones considered here but without
superconductivity have been studied in Refs. [31,32].
The Rashba spin-orbit and Zeeman effects depend on
the parameters α and ∆B, respectively. Since we consider
a nanowire made of an homogeneous material inside a con-
stant magnetic field these parameters are assumed to be
homogeneous. The potential, not included in the Hamil-
tonian, is taken as zero inside the nanowire and infinite
outside. Therefore it is included into the calculations as
a boundary condition. Summarizing, the Hamiltonian de-
pends on the superconducting gap ∆0, the Zeeman energy
∆B and the Rashba coupling strength α, as well as on the
direction of the magnetic field n.
The explicit energy contributions from the orbital ef-
fects of the magnetic field are contained in the kineticH
(1)
kin
and H
(1)
R terms. Below we will also study the results when
these contributions are omitted, finding in general that or-
bital effects are very important and can not be neglected.
The orbital terms increase with the cylinder radius due to
contributions that are linear and quadratic in ρ and they
contain the dependence on curvature of the model.
To obtain the energy spectrum the total Hamiltonian
is diagonalized numerically using as a basis states charac-
terized as
|nmsσsτ 〉


n = 1, 2, . . . ,
m = 0,±1,±2, . . . ,
sσ = ± ,
sτ = ± ,
(8)
where n is the quantum number associated with the in-
finite square well eigenstates (z direction), m is the Lz
eigenvalue (angular momentum along z) while sσ and sτ
are the spin and isospin quantum numbers. The numeri-
cal algorithmworks in dimensionless units, defining energy
and length units as
EU ≡
h¯2
m∗ρ2
, (9)
LU ≡ ρ . (10)
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Fig. 2. Eigenenergies (including orbital effects) as a function
of the magnetic tilting angle from the z axis, for different orien-
tations: a) y = 0 plane, b) x = 0 plane, c) x = y plane. The pa-
rameters used are ∆B = 0.2EU , ∆0 = 0.12EU , α = 0.2EULU ,
µ = 0 and Lz = 30LU . The number of basis states are Nn = 51
and Nm = 31. Only the lowest 6 pairs of eigenvalues are dis-
played.
More specifically, assuming a cylinder radius of ρ = 50
nm, and m∗ = 0.015me for InSb, one has EU = 2.03
meV and LU = 50 nm. From Ref. [22], typical values
for the Rashba parameter and the superconducting gap
are α ≈ 20 meVnm and ∆0 ≈ 0.25 meV, which in scaled
units are α ≈ 0.2EULU and∆0 ≈ 0.12EU . We will present
below the results in the generalized units, assuming an
arbitrary m∗ and ρ, since the conversion for each material
and cylinder radius is just a trivial scaling.
3 Results on tilted fields
In Ref. [20] it was shown that the critical fields corre-
sponding to transitions into the topological phase of the
nanowire were strongly dependent on the external mag-
netic field orientation. Considering a nanowire whose dom-
inant spin-orbit effective magnetic field Bso points along
y (Fig. 1), if the external magnetic field B points also
into this same direction then the Rashba Bso contribu-
tion and the Zeeman term commute and no anti crossings
are induced in the spectrum. As a consequence, no spin
Fig. 3. Eigenenergies of a cylinder (considering the orbital
effects) as a function of spin-orbit coupling. The rest of the
parameters are the same of Fig. 2, including the number of
basis states and the number of displayed eigenvalues.
less zero energy modes are observed since the Majorana
conditions are not met. It was also shown in Ref. [20] that,
due to the strong influence of the orbital effects, Majorana
modes are neither possible with an external magnetic field
along x. Therefore, for the three main Cartesian orienta-
tions Majorana modes are found only when the magnetic
field is pointing in the z direction, and for strong-enough
values. We address in this section the study of the tran-
sition between these configurations and, particularly, the
robustness of the Majoranas (or their lack of it) due to
fluctuations in the magnetic field direction.
Figures 2a-c show how the spectrum of a cylindrical
nanowire changes when the magnetic field is tilted from
the z axis in the directions sketched in Fig. 1, while its
magnitude is maintained. Notice that Fig 2a proves that
the Majorana modes are robust to a tilting of the magnetic
field from z towards x, up to almost 30◦ when the tilting
is done within the y = 0 plane. On the contrary, Fig. 2b
shows that the Majorana modes break almost immediately
if the tilting is done towards y in the x = 0 plane. Zero
energy crossings are found in Fig. 2b for θ ≈ 15◦ and, when
the magnetic field is further tilted, also around θ ≈ 50◦,
but this kind of crossings can be labeled as accidental since
they only occur at specific points.
Majorana behavior is characterized by eigenvalues ly-
ing very close to zero for a continuous range of parameter
values, protected from nearby states by a sizable energy
gap much larger that their own energy. Accidental zero
energy crossings, on the contrary, occur at specific values
and in this sense they are weak against any small pa-
rameter fluctuation. Notice that Fig. 2 shows that tilting
directions towards x and y are not equivalent, in spite of
being perpendicular between them and also with z. As
mentioned above, differences are due to the relative orien-
tation with respect to the effective Rashba field Bso, that
in our case points in the y direction.
On the other hand, if the magnetic field is tilted away
from z in the x = y plane (Fig. 2c) the resulting spectrum
has mixed features with respect to those of Figs. 2a and
2b. The Majoranas break up for small angles but the re-
sulting fermionic modes remain close to zero energy up to
almost 40◦. Therefore, cylinder Majoranas are robust to
deviations of the external magnetic field from the cylinder
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Fig. 4. Dependence of the spectrum of eigenergies of a cylin-
der with respect to its length. The rest of the parameters are
the same of Fig. 2. The main plot shows only positive energy
eigenvalues in logarithmic scales while the inset contains both
positive and negative eigenvalues in linear scales.
axis only within the plane perpendicular to the spin-orbit
effective magnetic field Bso.
4 Dependence on nanowire characteristics
4.1 Spin-orbit coupling
Figure 3 shows a spectrum for a cylindrical nanowire with
the same parameters used in Fig. 2 as a function of the
spin-orbit coupling strength α. The magnitude and the
direction of the magnetic field are kept constant to ∆B =
0.2EU and z, respectively. In principle, this change can
be experimentally realized controlling the intensity of the
transverse electrical field Eso. As observed in Fig. 3, for
zero spin-orbit the states lying closer to zero are two states
of fermionic type at finite energies. Increasing the value of
α those two states evolve into a Majorana pair as their
energy approaches zero. Note also that additional Majo-
rana modes become activated sequentially, in more or less
regular intervals of the coupling constant α. Each time a
new Majorana mode arises, the protection (energy gap)
diminishes for a short range of values, to increase again
once the Majorana is fully formed.
Since the spin-orbit coupling is also affected by the or-
bital terms, when high values of α are achieved the spec-
trum of the modes near zero energy in Fig. 3 becomes
more and more oscillating, blurring away the Majorana
character of these modes. Although the process of Majo-
rana activation still works for the higher values of spin-
orbit coupling, these states do not become Majorana-like
due to their sizable energies that keep oscillating with in-
creasing amplitudes. Figure 3 suggests an optimal range
for the formation and coexistence of Majoranas when the
amplitude of the energy oscillation around zero attains its
minimum, with two pairs coexisting for α ≈ 0.6EULU .
4.2 Cylinder geometry
The length and radius of the nanowire are not tunable pa-
rameters in the same sense as the external magnetic and
Fig. 5. Dependence of the spectrum of eigenergies of a cylin-
der with respect to its radius. The rest of the parameters are
the same as in Fig. 2. Panel (a) is the result obtained when
neglecting the orbital contributions of the magnetic field H
(1)
kin
and H
(1)
R
, while (b) is for the complete Hamiltonian. Note that
the length unit LU in this figure is taken as an arbitrary refer-
ence distance.
electric fields, but can be controlled by fabricating dif-
ferent versions of the nanowire with different dimensions.
As can be seen in Fig. 4 Majoranas are not possible for
very short nanowires because both ends greatly interfere
with each other creating a fermionic state. Qualitatively,
for the particular choice of parameters in this figure the
nanowire length must exceed at least six times its radius
in order to be able to hold a Majorana state with energy
lower than, roughly, 0.01EU . When displayed in logarith-
mic scales, Fig. 4 also shows that the energy of the states
lying closer to zero oscillate as a function of the cylinder
radius, similarly to the α dependence of Fig. 3.
On the other hand, increasing the radius of the nanowire
leads to a stacking of Majoranas (Fig. 5). A qualitatively
similar coalescence is found for Shockley states at the sur-
face of finite crystals [33], which is suggesting a generic
behavior for edge states. A technical point in the analysis
of a varying cylinder radius ρ is that this can no longer be
identical to the length unit LU . To avoid ambiguities, we
take an arbitrary length as a reference LU and measure
all distances (including the varying cylinder radius in Fig.
5) with respect to this unit.
As shown in Fig. 5a, if the orbital effects are disre-
garded, the zero point energy contribution of the angular
momentum decreases as the radius becomes larger, allow-
ing the activation of the Majorana modes, creating this
way a stacking of zero modes at regular intervals of the
radius. Each Majorana pair is associated with an angular
momentum quantum numberm. Sincem and−m eigenen-
ergies are almost degenerate, two pairs are activated at
around the same value of the radius. As they are not com-
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pletely degenerate by the action of the transversal electric
field, there is a slight difference in their activation value.
With orbital effects the spectrum becomes more in-
volved (see Fig. 5b). First, the Majorana pairs are ac-
tivated one by one as the value of the radius increases.
Furthermore, each pair is destroyed shortly after its acti-
vation, developing into a fermion pair of states above the
gap, and is re-formed again for larger values. This behav-
ior is due to the increase with ρ of the orbital terms H
(1)
kin
and H
(1)
R . There is a competition between the different
effects of the spin-orbit terms, some of them helping to
create the Majorana and some of them trying to destroy
the Majorana, with the former ones eventually wining for
high values of the radius. Nevertheless, we stress the gen-
eral tendency of Majorana mode stacking at zero energy
for high values of the radius.
We finally discuss the spatial distribution of the prob-
ability densities associated with the Majorana-like states.
A clear signature of Majorana character is a strong lo-
calization at the nanowire edges, with very small central
overlaps. Figure 6 shows in a particular example that this
is indeed observed, with a very clear difference between
Majorana-like and fermionic modes. Figure 6 also shows
that the above mentioned stacking is possible for high val-
ues of the radius because there is room for orthogonal wave
functions, with almost non overlapping density distribu-
tions, to be formed on the same nanowire end. The higher
the radius the larger the suitable region for the Majoranas
to be formed, where more and more orthogonal zero en-
ergy wave functions can accommodate in complementary
regions.
5 Conclusions
The diagonalization of the Hamiltonian for a two dimen-
sional cylindrical shell has allowed us to discuss the eigenen-
ergies and eigenstates of a finite nanowire. In particular,
we have focussed on the Majorana state wave functions
and the parameter configurations leading to their appear-
ance. The resilience of the Majorana states to the tilting
of the magnetic field, as far as 30◦ into the Eso direction,
has been shown; as well as the lack of it if one component
points into the Bso direction. We have also learned how
a strong spin-orbit coupling is needed in order to have
Majoranas but, at the same time, how orbital terms affect
the role of the spin-orbit coupling. This means that for too
high values of the spin-orbit coupling Majorana modes get
blurred due to orbital effects.
Our main result is the stacking effect of Majorana
modes for increasing nanowire radius and high enough
values of the magnetic field. This is a novelty in com-
parison with one dimensional models, and it is an exclu-
sive property of two dimensional models. It means that we
can tune the number of localized Majorana modes on each
nanowire end. Although not explored in this work, this is
hinting interesting transport properties that could be use-
ful to experimentally confirm the presence of Majoranas
in nanowires and it will be matter of future work.
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Fig. 6. Density distributions of the lower cylinder eigenmodes. The parameters used are ∆B = 0.2EU , ∆0 = 0.12EU , α =
0.2EULU , µ = 0, ρ = 3.2LU and Lz = 30LU . The densities of the first positive energy solutions are plotted. All of them are
Majorana modes with the exception of the panel at the bottom that is a fermionic one.
